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Abstract 

We consider here special Poisson brackets given by the “averaging” of local multi-dimensional 
Poisson brackets in the Whitham method. For the brackets of this kind it is natural to ask about 
their canonical forms, which can be obtained after transformations preserving the “physical 
meaning” of the field variables. We show here that the averaged bracket can always be written 
in the canonical form after a transformation of “Hydrodynamic Type” in the case of absence 
of annihilators of initial bracket. However, in general case the situation is more complicated. 
As we show here, in more general case the averaged bracket can be transformed to a “pseudo- 
canonical” form under some special (“physical”) requirements on the initial bracket. 


1 Introduction. 

We will consider here the Poisson brackets obtained by the “averaging” of local mnlti-dimensional 
Poisson brackets 

{A(x),A(y)} = “P) = 

= ( 1 . 1 ) 

h,...,ld 

on the families of m-phase qnasiperiodic solntions of local Hamiltonian systems 

Pt = M((^,(^x,¥’xx,---) = FScp,cp^i,...,cp^d,...) , i = l,...,n , (1-2) 

which are represented in the following general form 

A(x, t) = </5[a,0o](^’ A = <l)*(ki(a)x^ + ... + krf(a)a;'^ + a;(a)f + Oq, a) (1.3) 

with some smooth 27r-periodic in each 0“ fnnctions $*(0, a). 

Tims, we assnme that x = ... ,x'^), y = {y^,...,y‘^) represent points of the Enclidean 

space and the expression fll.ip dehnes a skew-symmetric Hamiltonian operator on the space of 
smooth fnnctions 

(^(x) = ((y9^(x),...,(y9’"(x)) , 
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satisfying the Jacobi identity. 

The notations — y) mean here the higher derivatives of the delta-fnnction and we assume 

that the sum in fll.ll) contains a hnite number of terms. 

We will call brackets (ll.l|l general local held-theoretic Poisson brackets in and assume that 
system (II.2p represents a Hamiltonian system generated by a local Hamiltonian functional 

^ = J (‘P)‘Px, y’xx, • • • ) (1.4) 

according to bracket (HU. 

We assume that the family (11.3p is dehned with the aid of a smooth hnite-parametric set A of 
27r-periodic in each functions 

4>*(0 + 0o, a) = ^^{e^ + el...,e^ + e^, 

with a smooth dependence of the wave numbers kg (a) = (fcg(a),..., A;™(a)) and frequencies 
a;(a) = (cn^(a),... ,a;™'(a)) on the parameters a = (a^,..., a^). All the functions a) should 

satisfy the system 

= 0 (1.5) 

The parameters 6q represent the initial phase shifts of solutions (II.3p and take by dehnition all 
possible real values on the family A. We assume also that the values of the parameters a do not 
change under the initial phase shifts. Let us denote by A the family (II.3p of the functions (p®(^) 
corresponding to the family A. 

The procedure of averaging of a Poisson bracket is closely connected with the Whitham averaging 
method ([Ml ifll SI]). For this reason we will put here additional requirements of regularity and 
completeness on the family A which we formulate below. 

Let us say hrst that we will everywhere consider here the generic situation where the values 
(ki,..., kf^, (jj) represent independent parameters on the full family of m-phase solutions of system 
(11.211 . Thus, we assume that the number of real parameters is equal to 

md + m + s, s > 0. In particular, the parameters (a^,...,a^) can be locally chosen in the 
form a = (ki,..., k^, oj, n) where (ki,..., k^, oj) represent the wave numbers and the frequencies 
of the m-phase solutions and n = (n^,... ,n^) are some additional parameters (if any). 

Let us consider now linear operators L^j[aeo] ~ kdwn6»o] given by the linearization of 

system (II.5p on the corresponding solutions $(0-|- Oq, ki,..., k^, uj, n). It’s not difficult to see that 
the functions $6ic«(0-|- 00 ; ki,..., k,;;, a;, n), a = l,...,m, and $„i(^ + ki,..., k^;, a;, n), 
I = 1,..., s, represent kernel vectors of the operators a; n 6»o] space of 27r-periodic 

in each 0" functions which depend smoothly on all the parameters (ki,..., k^, a;, n, Oq). Let us put 
now the following requirements on the operators k^ w n 0 o] family A : 

1) We require that the vectors -|- Oq, ki,..., k^, a;, n), $ni(^ + ki,..., k^, uj, n) are 

linearly independent and represent the maximal linearly independent set among the kernel vectors 
of the operator L*[ki a; n Oo] space of 27r-periodic in each 6*" functions smoothly depending 

on the parameters (ki,..., k^, uj, n). 

2) The operators Lyk^ k^wneo] i^^ve exactly m + s linearly independent regular left eigen¬ 
vectors kda;n](^ + ^o); Q = 1,..., UT. -f s, ou the space of 27r-periodic in each 0" functions, 

corresponding to the zero eigenvalue and depending smoothly on the parameters (ki,..., k^, lj, n). 
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Definition 1.1. 

Under all the requirements formulated above we will call the corresponding family A a complete 
regular family of m-phase solutions of system lil.S^) . 

It is well known that the Whitham approach gives a description of the slowly modulated m-phase 
solutions of nonlinear PDE’s. The Whitham solutions represent asymptotic solutions of nonlinear 
systems with the main part having the form 

= $(^^^^ + 0(o)(X,T) + 0, Sxi,...,Sx., St, n(X,T)^ (1.6) 

where X = ex, T = et, e —)■ 0, are the slow spatial and time variables and the function 

S(X,T) = (^'(X,T),...,5”^(X,T)) 

represents the “modulated phase” of the solution. Thus, the main part of the Whitham solution 
represents an m-phase solution of the nonlinear system with the slow modulated parameters a(X, T) 
and a rapidly changing phase. We have also the natural connection 

5“ = n;“(X,T) , = fc“(X,T) (1.7) 

between the derivatives of the modulated phase and the parameters a;(X, T) and kg(X, T). 
Relations fll.7p give the natural constraints 

TO _ f.a ua _ Ka 

'^qT — 5 '^qXP ~ '^pXi 

on the functions a;(X, T) and k 5 (X,T), which can be considered as the first part of the Whitham 
system on the parameters a(X, T). 

The second part of the Whitham system is defined usually by the requirement of existence of 
a bounded next correction to the initial approximation fll.6p and can be defined in different ways 
which are usually equivalent to each other (see e.g. [39l HU |25l HU HJ HS 1201 HB 1121 l22]b 

In our scheme we will define the second part of the Whitham system for a complete regular 
family A of m-phase solutions of fll.2p as the orthogonality at every X and T of all the regular left 
eigen-vectors 




(A 

S^i,...,S„rf,ST,n(X,T)] 


S(X,T) 


+ 0(0) (X,T) -f 6 


g = 1,..., m -|- s 


to the first e-discrepancy fi(0, X, T), obtained after the substitution of the main approximation (II.Op 
into the system 

e<dT = ev^x, eVxx, • • •) 

It is well known that the full Whitham system, defined in one of the standard ways, does not put 
any restrictions on the variables 0o(X, T) and represents a system of PDE’s just on the parameters 
a(X, T) (see e.g. [39l HOI IHl EH]). In particular, it is also not difficult to show that the orthogonality 
conditions 




K 


(A 

[S^i,...,S^d,ST,n(X,T)]i 


S(X,T) 


0(0) (X,T) + 0 


/i(0,X,T) 


d'^e 


0 ( 1 . 8 ) 
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defined for any complete regular family A, possesses the same property (see e.g. 
relations fll.Sp can be written as a system of m + s quasilinear equations 


In general, 


Fi'?)(Sx,ST,n) + Qi'')P(Sx,ST,n) (Sx, St, n) F 




+ 


+ (Sx, St, n) (Sx, St, n) = 0 , g = l,...,m + s 

with some smooth functions Pa \ 

Let us say here that for the single-phase case (m = 1) the set of the “regular” left eigen-vectors 
A:dtjn](^ + ^o); Q = 1, • • •, s -]- 1, represents usually the full set of linearly independent left 

eigen-vectors of the operators k^wneo]^ corresponding to the zero eigen-value, for all the 

values of (fci,..., w, n, ^o) on a complete regular family A. However, for the multi-phase case 
(m > 1) the situation is usually more complicated and “irregular” left eigen-vectors of oj n 0o]’ 

corresponding to the zero eigen-value, also arise for special values of parameters (ki,..., k^, a;, n). 
As a result, the corrections to the main approximation fll.6l) of the Whitham solution for the multi¬ 
phase case have usually rather different form in comparison with the case m = 1 (see e.g. iniiiiE]). 

Let us say, however, that the regular Whitham system still plays the central role in the description 
of the slow-modulated m-phase solutions both in the cases m = 1 and m > 1. Let us give here 
also just some incomplete list of classical papers devoted to different questions connected with the 
Whitham approach: [IlllElElClElEl[IIl[l2lE3lE8l[2llE2lE3l|25l[32lESE5l[39li0lSI]. 

One of the most elegant ways of constructing the Whitham system was suggested by Whitham 
and is connected with the averaging of the Lagrangian function of the initial system. This method is 
applicable to any system having a local Lagrangian structure and gives a local Lagrangian structure 
for the corresponding Whitham system (see e.g. mi)- Let us say, that the Lagrangian approach 
gives usually essential advantages both in constructing and investigation of the Whitham equations. 

The class of local Lagrangian systems can be signihcantly expanded being included into a larger 
class of systems having local held-theoretic Hamiltonian structure. In general, the systems of this 
kind can be considered as the evolution systems (II.2p which can be represented in the form 




jij 


SH 

6(p^ (x) 


where is the Hamiltonian operator 

= E . 

dehned by the Poisson bracket (11.11) . and H is the Hamiltonian functional having the form (II.dh . 

The Hamiltonian theory of the Whitham equations was started by B.A. Dubrovin and S.P. 
Novikov, who introduced the concept of the Hamiltonian structure of Hydrodynamic Type. In 
general, the Dubrovin-Novikov bracket in can be written in the following local form 

{U-iH -). (/"(Y)} = g""' (U(X)) - Y) + ' (U(X)) i(X - Y) (1.9) 

(summation over repeated indices). 

^The definition of fi in [261 El] differs by a phase shift from that used here which is included there also in the 
corresponding orthogonality conditions. 
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The general theory of the brackets fll.9p is rather nontrivial. Rather deep results on the classi- 
hcation of brackets fll.Qp were obtained in [TOl 1301 El] where the full description of brackets fll.Op . 
satisfying special non-degeneracy conditions, was presented. However, there are many interesting 
examples where a nontrivial structure of a system is dehned by a non-generic bracket (II.Op (see e.g. 
[Ml HZ])- In general, we can say that the full theory of the brackets (11.Op represents an important 
branch of the theory of the Poisson brackets and is still waiting for its hnal completion. 

A special class of the Dubrovin-Novikov brackets (11.91) is given by the one-dimensional brackets 
of Hydrodynamic Type. The brackets (11.91) have in this case the following general form 

{V'(X),U'‘(Y)} = f'‘(V(X))6'(X-Y) + bl^(V(X))U^^ S(X-Y) , = 1,..., iV 

( 1 . 10 ) 

and are closely connected with Differential Geometry. Thus, it can be proved (P HQi nn [i2i) that 
the expression (1 1.1 01) with non-degenerate tensor dehnes a Poisson bracket on the space of 

helds U(X) if and only if the tensor dehnes a hat pseudo-Riemannian metric with upper 

indices on the space of U while the values = — g^x represent the corresponding Christohel 
symbols {g^r(U) g'^^^{lJ) = 

As a consequence, we can claim in fact that every Poisson bracket (11.101) with non-degenerate 
tensor g^^{\J) can be locally written in the constant form 

K(X),n^(y)} = 6'{X-Y) , = ±1 (1.11) 

after the transition to the hat coordinates rY = rY{\J) of the metric gy^{\J). 

It’s not difficult to see also, that the functionals 

/ -l-oo 

rY{X) dX 

-oo 

represent then the annihilators of the bracket (ll.lOj) while the functional 

/ +00 -1 ^ 

(rf)^X) dX 

^ U=1 

gives the momentum operator for the bracket (1 1.1 01) (P [Ml IHl 112] )■ 

The statement, formulated above, plays in fact the role of an analog of the Darboux Theorem for 
the brackets (ll.lOp with non-degenerate tensor 5 fj,^(U). Following B.A. Dubrovin and S.P. Novikov, 
we will call the form (II.lip of the bracket (ll.lOp the Canonical Form of a non-degenerate one¬ 
dimensional Poisson bracket of Hydrodynamic type. Let us note here also, that the theory of the 
brackets (ll.lOp with degenerate tensor g^niU) can be also formulated in a nice Diherential Geometric 
form which we will not consider here in detail (P). 

The theory of the Poisson brackets of Hydrodynamic Type gives the basement for the theory of 
integrability of multi-component one-dimensional Hydrodynamic Type systems 


= r;(u)g^ 


u = l,...,N 


( 1 . 12 ) 


Thus, according to conjecture of S.P. Novikov, every diagonalizable system (11.121) which is Hamil¬ 
tonian with respect to some bracket (11.101) with the Hamiltonian of Hydrodynamic Type 




H = 


h(U) dX 
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can be integrated. 

The conjectnre of S.P. Novikov was proved by S.P. Tsarev ([371|3H|) who snggested a method for 
solving of diagonal Hamiltonian systems 

= V^(U)U^ , iy = l,...,N (1.13) 

The method of Tsarev can be applied in fact to a wider class of systems (ll.ldh which were 
called by S.P. Tsarev semi-Hamiltonian. In particnlar, the class of the semi-Hamiltonian systems 
contains the diagonal systems, Hamiltonian with respect to the weakly nonlocal Poisson brackets of 
Hydrodynamic Type - the Mokhov-Ferapontov bracket ([29]) and more general Ferapontov brackets 
(naini), which appeared as generalizations of the brackets of B.A. Dnbrovin and S.P. Novikov. The 
diagonal semi-Hamiltonian systems represent one of the widest classes of integrable one-dimensional 
systems of Hydrodynamic Type. 

B.A. Dnbrovin and S.P. Novikov snggested also a method of averaging of local field-theoretic 
Hamiltonian strnctnres for the case of one spatial dimension. 

The Dnbrovin-Novikov procednre is based on the existence of N local integrals of system fll.2p 

r = j 

which commnte with the Hamiltonian H and with each other 


{r,H} = 0 , {r, = 0 (1.14) 

according to the bracket fll.ip (d = 1). It is supposed also that the set of parameters a on the 
family A can be chosen in the form (a^,..., a^) = {U ^,..., U ^), where 


= {P^) 




... ) 


d^e 

(27r)"^ 


represent the values of the densities T’^(<^, (px, ■ ■ ■) on A, averaged over the angle (phase) variables. 
We can write for the time evolution of the densities P^{p, Px, ■ ■ ■) according to system (II.2p : 


= Qx{p,Px,---) , 


where Px, ■ ■ ■) are some smooth functions of cp and its spatial derivatives. It is convenient 

to write also the Whitham system as a system of conservation laws 


(Ot = {Qlx , u = l,...,N , (1.15) 

using the functions P^{p, Pxi ■ ■ ■) and ^Px, ■ ■ ■)■ 

The procedure of construction of the Dnbrovin-Novikov bracket for system fll.l5p can be described 
in the following way: 

Let us calculate the pairwise Poisson brackets of the densities P‘'{x), P'^{y), which can be 
represented in the form: 


{P'^ix), P>^{y)} = Al^{p,px,...) 5^’^\x-y) 

k>Q 

which some smooth functions (px, ■ ■ ■)■ 
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According to conditions fll.ldp we can write the relations 




for some functions ■ ■ ■)■ 

Let us put now = {P'^) and define the Poisson bracket 


[U‘’(X),U>‘{Y)} = {A7)(V) 5'(X-Y) + -^Ul S(X-Y) (1.16) 

on the space of functions U(X). 

System fll.151) can be dehned now as a Hamiltonian system with respect to the bracket fll.lbp 
with the Hamiltonian functional 


Hn 



{Ph) (U(X)) dX 


Let us say that the complete justihcation of the Dubrovin-Novikov procedure represents in fact a 
nontrivial question. Let us give here the reference on paper [26] where some review of this question 
and the most detailed consideration of the justihcation problem were presented. In particular, we can 
state that the Dubrovin-Novikov procedure is well justihed for a complete regular family A having 
certain regular Hamiltonian properties f j26j). 

In the case of several spatial dimensions (d > 1) the procedure of bracket averaging should be 
actually modihed, which is connected mostly with a special role of the variables S(X) revealed in this 
situation. Let us formulate here the corresponding procedure and the conditions of its applicability 
according to the scheme proposed in [23 EH] • 

Let us consider a complete regular family A of m-phase solutions of system (11.21) parametrized 
by the m{d -|- 1) -f s parameters (ki,..., uj, n) and m initial phase shifts 00 - 

Definition 1.2. 

We will call a complete regular family A a complete Hamiltonian family of m-phase solutions 
of lil.S\) if it satisfies the following reguirements: 

1) The bracket U.l}) has at every point (ki,...,k(i, uj, n, Oq) of A the same number s' of 
“annihilators” defined by linearly independent solutions Vj^g^j(x) of the eguation 

¥^[a,6»o]x, ■ ■ • ) ^[a,0o] i, Zixl... (^) = ^ 


such that all the functions represented in the form 

jaAliW = + ■■■ + kjl'') 


(1.18) 


for some smooth 2n-periodic in each functions (0)- 

2) For the derivatives (Pn‘ of the functions </?[a,0o] (^) = ¥^[ki,...,kd,w,n,6»o] (^) we have the 

/~i T/i /~inn r> 


relations 


rank 


(¥>„. ■ v(*l) 


= s 
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(a = 1,... ,m, I = 1,..., s, k = 1,..., s'), where the expressions 

-vW) ^ Jim 

^ w £■" £ 

represent the convolutions of the variation derivatives of annihilators with the tangent vectors 

It is convenient to introduce here also the families representing the functions 

V^[ki,...,kd,t^,n,0o] with the hxed parameters (ki,..., k^). Following [2B], we will give here the fol¬ 
lowing dehnition: 

Definition 1.3. 

IFe say that a complete Hamiltonian family A is equipped with a minimal set of commuting 
integrals if there exist m + s functionals P, j = 1,... ,m + s, having the form 

P = j (1.19) 

such that: 

1) The functionals P commute with the Hamiltonian functional o and with each other ac¬ 
cording to the bracket (EJP.- 

{P ,H] = D , {P, F} = 0 , (1.20) 


2) The values W: 

"" = i'iL W)3 LrL •f’FvM.l.V’M.I*.---) 

of the functionals P on A represent independent parameters on every family such that 

the total set of parameters on A can be represented in the form (ki,..., k^, U ^,..., Oq); 

3) The Hamiltonian flows, generated by the functionals P, leave invariant the family A and 

the values of all the parameters (ki,..., k^, U) of the functions ‘^[ki,...,kd,u,0o] (^) generate the 
linear time evolution of the phase shifts Oq with constant freguencies ... , 0 ;™'^), such that 


rk II (ki,..., k(i, U) II = m (1-21) 

everywhere on A; 

4) At every point (ki,..., k^, U, Oq) of A the linear space, generated by the variation derivatives 
6P/difflx), contains the variation derivatives kdU6»o]^^) of all the annihilators of bracket U.l) 

introduced above. In other words, at every point (ki,..., k^, U, Oq) we can write for a complete set 
kdU6»o]^^)^ of linearly independent guasiperiodic solutions of ( [i.i7| ) the relations: 


^[kL..,kd,U,0o]£^) 


m+s 

Y, U) 


7=1 


5P 
593* (x) 


A 











with some functions 7 ;^(ki,..., k^, U) on A. 

It should be noted here that the dehnition given above implies in fact that the number of the 
additional parameters (n^,..., n®) on A is equal to the number of annihilators of the bracket (11. Ih . 
So, in this scheme the additional parameters (n^,..., n®) are directly connected with the annihilators 
of the Poisson bracket. 

Like in the one-dimensional case, we can write the following relations for the time evolution of 
the densities ...): 

Pt (‘P, • • •) = ‘Px, •••) + ••■ + QS (‘P, ‘Px, • • •) 

Let us consider now the modulation equations for a complete Hamiltonian family A equipped with 
a minimal set of commuting integrals {P,..., J”^+®}. It is convenient to choose now the parameters 
of the slowly modulated solutions of fll.2p in the form 

(S(X,T),U(X,T)) = (5'(X,T),...,^™(X,T),[/'(X,T),...,[/”*+^(X,T)) , 

such that the parameters kq(X,T) are dehned by the relations kg = Sxi (X = ex, T = et). 
The regular Whitham system can be written now in the following form 


COi 


= n;“(Sxi,...,Sx7U) , 


a = 1,..., m , 


Uf — {QP)x^ -f ... {QP)x‘i , 7 — 


( 1 . 22 ) 


which is equivalent to the system dehned by (ll.7p - (ll.8l) ([28]). 

The procedure of averaging of the Poisson bracket fll.ip represents a modihcation of the Dubrovin 
- Novikov procedure and can be formulated in the following way ([23, [28]): 

Like in the one-dimensional case, let us calculate the pairwise Poisson brackets of the densities 
P'^(x), P^(y), which can be represented now in the form 

{p-'(x), P'’(y)} = 7,V’*. ■ ■ ■) -!/')■■■ - 7) 

{h, • • •, > 0). 

In the same way, we can write here the relations 

for some functions • • • ))• 

We dehne the averaged Poisson bracket }av on the space of helds (S(X), U(X)) by the 

following equalities: 

{5“(X),5/^(Y)}^^ = 0 , «,/3 = l,...,m, 

{^“(X),P^(Y)}^v = n;“^(SAi,...,SA7U(X))<5(X-Y) , 

{P^(X),P^(Y)}^v = (A7 o%)(Sai,...,Sa7U(X)) 5ai(X-Y) + ...+ (1.23) 

+ (A^V)(Sai,...,Sa7U(X)) 5x^(X-Y) + 

+ [(Q""n(Sx7..-,SA^,U(X))]^, 5(X-Y) , 7,P = + s 
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System fll.221) can be written now as a Hamiltonian system with the bracket fll.23p and the 
Hamiltonian fnnctional 

Hav = J (Ph) (Sxi,..., Sx., U(X)) 

The detailed consideration and jnstihcation of the above procednre for a complete Hamiltonian 
family A eqnipped with a minimal set of commnting integrals can be fonnd in [28] . Let us say, that 
the same procedure was considered also under some other requirements on the family of m-phase 
solutions of (11.2^ in [27]. 

Let us formulate here also a theorem claiming the invariance of the procedure of the bracket 
averaging. 

Theorem 1.1 ([25]). 

Let a family A represent a complete Hamiltonian family of m-phase solutions of system U.^) 
equipped with a minimal set of commuting integrals {H,... Let the set ..., 

represent another minimal set of commuting integrals for the family A, satisfying all the requirements 
of Definition 1.3. 

Then the Poisson brackets U.23\) . obtained with the aid of the sets ..., and 

..., coincide with each other. 

In other words, under the requirements of Theorem 1.1 we can claim, that the expressions fll.23p . 
obtained with the aid of the sets {D ,..., and {/'^,..., transform into each other 

under the coordinate transformation 

{S\X),...,S^{X),U\X),...,U^+%X)) (5i(X),...,5"*(X), H'^(X),...,f/“(X)) , 

(1.24) 

where {U^, ..., [7™-+'^) and {U'^, ..., 7 /'™+^) are the parameters on the family A, corresponding to 
the sets {/^,..., and {/'^,..., respectively. 

The main purpose of this article is to study the canonical forms of the brackets fll.23p so we could 
have an analog of the Darboux Theorem for the averaged Poisson brackets in the multi-dimensional 
case. 

Let us say, however, that we will be interested here just in the special coordinate transformations, 
preserving the “physical” meaning of the helds (S'^(X),..., S'™'(X)) and ([/^(X),..., t/'"+®(X)). 
Thus, we will always keep here the variables (S'^(X),..., S'™'(X)), representing the “phase” functions, 
as the hrst part of canonical variables for the bracket fll.231) . So, the transformations we consider here 
will have in fact the form fl 1.241) written above. Besides that, we will always assume here that the 
variables {U^(X.), ... represent some densities of “Hydrodynamic Type”, which means 

in fact that transformations U(X) —)■ U'(X) should have the “Hydrodynamic” form 

t/'^(X) = U(X)) (1.25) 

As we will see in Chapter 2, any bracket fll.23p with the additional condition fll.2ip can be 
transformed to the standard canonical form by a transformation fll.24p - fll.25p in the special case 
s = 0 . This case corresponds in fact to the absence of annihilators of the bracket fll.ip on the space 
of the quasiperiodic functions and allows always the construction of the second part of canonical 
variables (Qi(X),..., Qm(X)), conjugated to the variables (S'^(X),..., S'™'(X)). 

In Chapter 3 we consider more complicated case of the presence of additional parameters 
(n^,... ,n®) connected with the presence of annihilators of the bracket fll.ll) . As we will see, the 


10 































situation is more complicated in this case. We suggest here a generalization of the canonical form 
for the bracket fll.231) which represents the sum of the standard (“action - angle”) part and an 
independent Poisson bracket for some additional variables (iV^(X),..., iV®(X)) . As we will show, 
the averaged bracket (ll.23|l can be transformed into the “pseudo-canonical” form by a coordinate 
transformation l\1.2A\} - (ll.25h under some additional (“physical”) requirements on the initial bracket 
(imi. We have to say, however, that an abstract Poisson bracket (ll.23p can not in general be written 
in the pseudo-canonical form after a coordinate transformation fl 1.241) - fll.25p which is demonstrated 
by a special example at the end of Chapter 3. 


2 The Canonical form of the averaged bracket. 

First, let us introduce here special coordinates for the bracket fll.231) which will give a basis for 
it’s further consideration. Everywhere below we will assume that the bracket fll.23p represents the 
averaging of the bracket (11. ip on a complete Hamiltonian family of m-phase solutions of system (11.21) 
equipped with a minimal set of commuting integrals. 


Let us consider an {md -|- m -|- s)-dimensional manifold with coordinates (ki,..., U) and the 
{m + s)-dimensional submanifolds given by the relations (ki,..., k^^) = const. Consider the vector 
helds 

= (w“‘(k„....k*U)....,w“’”+-(ki,...,ki, U))‘ 

on the submanifolds (ki,..., k^^) = const. 

Using the Jacobi identities 

{{£;^(X), S"(Y)} , S'’(Z)} - {{£/^(X), S'>(Z)} , S“(Y)} = 0 

for the bracket fll.231) . we easily get the following relations 


^(«) ’ ^(/ 3 ) 


0 , a, /3 = 1,..., m 


for the commutators of the vectors helds on the submanifolds (ki,..., k^) = const. 

According to relations fll.2ip we can state also that the set of vector helds is linearly 

independent at every point. 

We can claim then that on every submanifold (ki,..., k^) = const there exists a locally invertible 
change of coordinates 


^ (gi(ki,..., k,,U),...,Q^(ki,...,krf,U), ivi(ki,...,k,,U),..., W(ki,...,k,,U)) 


depending smoothly on the parameters (ki,..., k^), which leads to the following coordinate repre¬ 
sentation 

fd) = (1,0,...,0)* , ... , ffm) = (0,...,0,1,0,...,0)* 

of the vector helds on these submanifolds. 

It is not difficult to see then that for the functionals 


Qa(X) = Q„(Sxl , . . . , Sxd, U(X)) , iV'(X) = iV'(Sxi , . . . , Sxd, U(X)) 
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we get immediately the following relations 


{s“(X),(Jj(Y)} = yi(X-Y) . {s“(X),]V'(Y)} = 0 


The pairwise Poisson brackets of the functionals Qa(X), iV^(X) have a local translationally 
invariant form which we can write in general as 


{q„(X) , Q;3(Y)} = (X, Y) , |g„(X), iV'(Y)} = Jl (X, Y) 

|iV'(X), iV'?(Y)| = 

Using now the Jacobi identities 

{{q„(X),Q^(Y)}, S-'(Z)} + c.p. = 0 , {{q„(X),/V'(Y)},S-'(Z)} + c.p. = 0 

{{]V'(X),iV»(Y)}.SnZ)} + c.p. = 0 
we obtain also the following relations 


SJap (X, Y) ^ ^ 6Jl (X, Y) ^ 
JQ^(Z) ’ JQ^(Z) 


(X, Y) 

6Q^{Z) 


for the distributions J^p (X, Y), (X, Y), J'" (X, Y). 


Finally, we can write the Poisson bracket fll.23p in coordinates S(X), gQ,(X), iV^(X) in the 
following general form 

{^“(X), ^^(Y)} = 0 

{5“(X),Q^(Y)} = J|J(X-Y) , |5“(X),iV'(Y)} = 0 


(X), 





a^'y 





{Q„(X),iV'(Y) 


V-^Q;7 '^a'y /’ 

|iV'(X), iV^(Y)| 


^M^k,pg ^ 



ff^^(Sx,N) Jxp(X-Y) + 

+ P^^^^(Sx,N) J(X-Y) + n^^7Sx,N)iV^P J(X-Y) 


kl^^’(Sx,N) Jxp(X-Y) + 

+ J(X-Y) + J(X - Y) 


(7''=’^(Sx,N) Jxp(X-Y) + 

+ 6^^'(Sx,N) Yj,, J(X-Y) + SIp^, J(X - Y) 
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Easy to see that, according to their dehnition, the variables Qo(X) and iV^(X) are dehned 
modulo the transformations 

Q,(X) ^ g,(X) + /„ (Sx, N(X)) , iV'(X) ^ iV"(Sx, N(X)) 


where 


det 


dN'^ 


^ 0 


It is not difficult to see also that the values {iV^(X), iV^(Y)} dehne a Poisson bracket on the 
space of helds N(X) at any hxed values of (S'^(X),..., S'"*(X)). 

We will consider in this chapter an important case when the number of annihilators of the bracket 
jnj and the number of additional parameters (n^,... ,n^) on A are equal to zero. As we will see, 
the investigation of the canonical form of the bracket fll.23p represents in this case a special interest. 

Let us write down the averaged bracket (ll.23p in coordinates (S'"(X), ^^(X)), such that we will 
have 

{S“(X),S^(Y)} = 0 , {S"*(X),Q^(Y)} = , 

{q„(X),%(Y)} = J„US](X,Y) = Ji'^(Sx) fc(X-Y) + r«qSx) '5(X-Y) 

( 2 . 1 ) 

The Jacobi identities 

{{q„(X),Q^(Y)} ,Q,(Z)} + c.p. ^ 0 

give now the following relations 

fJ„^[Sl(X,Y) ,1J„^1S](Y.Z) ,1J,„|S|(Z,X) ^ 

i5S-'(Z) iS“(X) ^S'’(Y) ' ' ' 

for the functionals Ja/ 3 [S](X, Y), which mean the closeness of the two-form 

j J„^[S](X,Y) J5"(X) A J^^(Y) d‘^Xd^Y (2.3) 

on the space of helds (S'^(X),..., S'’"(X)). 

According to the terminology of S.P. Novikov (|33]), the brackets of the form fl2.1|) represent 
“variationally admissible” Poisson brackets, connected with the Lagrangian representation for the 
corresponding Hamiltonian systems. As was shown in [33], the variationally admissible Poisson 
brackets lead in general to a nontrivial Lagrangian representation of the Hamiltonian systems where 
the Lagrangian represents in fact a closed 1-form on the functional space. As can be also shown, 
the variationally admissible Hamiltonian structures have in general rather nontrivial topological 
invariants connected with the topology of the functional space f|33j). 

Let us say that in general case we can admit that the variables S'"(X) represent “unobservable” 
quantities, such that only their spatial and time derivatives can appear in all “physically measurable” 
values. As a corollary, we can admit also, that only the spatial and time derivatives of the functions 
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(S'^(X),..., S'™'(X)), but not the functions S(X) themselves, are in general uniquely dehned for 
solutions of the corresponding Hamiltonian systems. Certainly, the most important class of solutions 
of this kind is represented by solutions containing {d — l)-dimensional singularities (“vortices”) in 
X-space, where the functions S(X) are not dehned, while the increments of the functions S'“(X) 
along any closed 1-dimensional contour surrounding the vortex are different from zero. 

According to the circumstance mentioned above we will separately consider here the values having 
immediate “physical” meaning. As examples of the variables of this kind we can mention here the 
values W(X.), Qa(X.) or the derivatives Sxq- 

Let us formulate now the theorem about the canonical form of the bracket fl2.ip . 

Theorem 2.1. 

For every bracket \2.1\) there exists locally a change of coordinates 

Q„(X) = Q„(X) + g„(Sxi,...,Sx.) (2.4) 

which transforms bracket 112.1\} into the form 

{S“(X), S'’(Y)} = 0 , {S“(X), (3^(Y)} = ^(X - Y) , {(3„(X), (3^(Y)} = 0 ( 2 . 5 ) 

According to Theorem 2.1 we can claim that for every bracket fl2.ip there exist canonical variables 
(Qi(X),..., Qm(X)) conjugated to the variables (S'^(X),..., S'’"(X)), which can be chosen among 
the “physically observable” helds. 

It can be easily seen that Theorem 2.1 permits us to state also the following theorem about the 
bracket fll.23p : 

Theorem 2.1'. 

Let the relations M.23[) represent a Poisson bracket on the space of 2m fields 

satisfying the conditions 

rk ||a;“^(ki,...,kd, U) || = m 
Then there exists locally an invertible change of coordinates 

(S'(X)....,S“(X). C/‘(X),...,C/"(X)) ^ (S'(X),....S”(X),(J,(X),....(J„(X)) (2.6) 

where 

Qa(X) = g„(Sxi,...,Sx., U(X)) , (2.7) 

such that bracket M.2^) has in the coordinates (S(X), Q(X)) the non-degenerate canonical form: 

{S‘>(X),S'’(Y)} = 0 , {S“(X),(2^(Y)} = 5^5(X-Y) , {0„(X), (2^(Y)} = 0 

As we said already. Theorem 2.1' corresponds to the special case, when the number of annihilators 
of the bracket fll.ip and the number of the additional parameters (n^,..., n^) on A are equal to zero. 

Theorem 2.1' was hrst formulated in [27j with a brief idea of the proof. We will give in this 
chapter a detailed proof of Theorem 2.1 which will imply also Theorem 2.1' as a corollary. 
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It seems that the most compact proof of Theorem 2.1 can be given by combining of the geometric 
and pnre compntational methods. We will assnme here for simplicity that all the coefficients of the 
bracket fl2.ip represent global smooth fnnctions of their argnments. Let ns note that the proof can 
be easily modified also for a local smooth dependence of the coefficients of (12.111 on the fnnctions Sx- 
For the proof we will need to prove first two following lemmas: 

Lemma 2.1. 

Any divergence-free vector field having the form 

r(x) = 

), can he locally represented in the form 

r(x) s V [r(Sx)l , 

^' L J x» 

s^r 

where /-(Sx) = -r*(Sx). 

Proof. 

From the conditions 

^ (frnsx) ^ 0 

r 

we can get, in particnlar, the following relations 


F^MSx) = 0 , Fr’^(Sx) = -2Fr‘'(Sx) , 


^ a 

dsi. 






r 


(no summation). 


dF^p 

~d^r 


dFp 

dS' 


r 


( 2 . 8 ) 

(2.9) 

( 2 . 10 ) 


XI 


(no summation). 

Form relations (12. 9 h and (I2.inp we can conclude that locally there exist functions g'^^(Sx), sat¬ 
isfying the relations 




dg 


qr 


dS- 


g^’'(Sx) = -g^MSx) 


( 2 . 11 ) 


X<i 


We easily get then also from (12. 8 h the relations 

1 


F^Sx) = 


2 


q ^ r 


( 2 . 12 ) 


Let us consider now the vector held 

r(X) = f(X) - 5 ; [s’VSx) 

q^r 


Xi 


= r(x) 


E 

q^r 


dg 


qr 


dS' 


S' 


X‘‘X<i 


X‘ 
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Using relations fl2.1ip and fl2.12p we conclude now that the field ^^(X) represents a divergence- 
free vector field having the form 


-'XiXP 


where 

From the relations 

we now get the relations 
and 


^(x) = E 

^ ^ g (^pQP,r ^ ppg,r-^ 


E Urvsx)^: 


a 

X<iXP 


= 0 


Xr 


dS>^s 

In particular, for s = r we have: 


_i_ TP'^P’i _i_ pi^^p — n 
■‘■a ' a ' a — ^ 

dF^P’^ dPp^ dF'^p'^ 


dSP 


dS^, 


dS^j, 


= 0 


dF^P’' 

dSP 


= 0 


(2.13) 

(2.14) 

(2.15) 


(no summation). 

Applying the operator /dS^dSP to the relations fl2.13p we easily get the relations: 


q 2 pqp,r 


dsp dsp 


= 0 


(no summation). 

Using also relations fl2.15p we then get locally the following representation for F ^''^: 

p,P,r ^ ^qp,r ^ g^^^ _ _ _ ^ g^^^ _ _ _ ^ g^ \ ^ ^pq,r /g^^ ^ ^ g^^ ^ ^ g^^^ _ _ _ ^ g^^ 


where the hat over the variable means the absence of this variable among the arguments of a functions. 
For the functions a®’'’ we get now the relations: 

ar"(Sxi, Sx., Sx.) + ar''(Sxi, Sxp, Sx.) + 

+ Sx., S;,.) + ar''(Sxi, Sx., Sxp, S;,.) + 

+ ar^>(Sxi,...,Sx., ...,SxP, ...,Sx.) + a^^’^(Sxi,...,Sx., ...,Sx^, ...,Sx.) = 0 

Applying the operators d/dS^ to the relations above, we easily get now the following relations: 


-,P'l,r 


Sxi, Sxp, Sx^, ..., Sx. = - a^^’MSxi, Sxp, Sx^, ..., Sx. + 


+ h^'^’MSxi, Sx., Sxp, Sx^, ..., S 


X<i 


(2.16) 
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Putting now s = g in the relations fl2.14p we have: 


Qpqp,r ^ dFP’'‘ 


which gives the following relations 


= 0 


(no summation), 


?.p 


+ FIL = n 

ast, ssh 


(no summation) 


for the functions From the relations fl2.16|) we get then 


daPp^ dal^ 


,r 




^ ^ 0 


(no summation) , 


which gives locally 


We get then 


Xp 




dhP'' 


dS 



dhP^^iSx^,., 

• • ; 7 * * * 7 ^-X ''^7 

...,Sx.) 

5 ^X<^j 


dSf,, 


■ ■ , Sx^: 

, ..., Sx.) , hP’^ 

= -h^’P. 


oa 

^X^XP 

— 9 CO 

— ‘Jxixp 

TpaPsT qol 

— ^X^XP - 

= r(x) 


Xi 


Finally, we obtain 


f(X) = [9!”'(S, 

p^r 


XP 


f2h^’'’'(Sx) 


p^r 


XP 


which gives the proof of the lemma. 


Lemma 2.1 is proved. 


Lemma 2.2. 

Let a closed 1-form on the space of functions S(X) = (S'^(X),..., S'™'(X)) have the form 


q = 


9 „(X) iS“(x) a‘x = ; (Sx) SJ.X. |5S“(X) a‘x 


(2.17) 


(M’i, = MSp. 

Then the functions QaiP^) = M^p{Sx.) Sf^qxp locally represented as 

«„(X) = j ft(Sw) 'Vw 

with some smooth function h.(Sw)- 
Proof. 
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Using the standard “homotopy operator” (see e.g. [3^), based on the mapping: 

F: [0,l]x{S(X)} ^ {S(X)} , (A,S(X)) ^ AS(X) , A e [0,1] , 

we can claim that the coefficients Qai^) can be written in the form 

5 


Af»?(Sx)SJ 


X1XP 


SS^(X) 


where 


(s 


w = 


S^W) d^W 


M®(ASw) dX 


To get a representation of the required form let us hrst note that the 1-form fl2.17l) is evidently 
invariant under the transformations 

SP{X) SP{X) + , CP = const (2.18) 

As a corollary, we can claim that the values M^l((Sx) S^qxp ^e also represented in the form 

5 


S_ 


'7 — 

XiXP — 


SS^(X) 


{SP{W) + CP) M®(Sw) d^^W 


for arbitrary values of Cp. 

We can claim then, that all the functionals 


M(p) = 


(Sw) d^W 


have identically zero variation derivatives on the space of functions (S'^(X),..., S'™'(X)). 
According to the classical theorem (see e.g. [36], Chpt. 4, Thm. 4.7), any density 

a(p)(W) = 

can then be represented as the full divergence of the vector held V(p)(W): 

^ K)(W)]„„ 

where the values 'y(p)(W) have in general the form 

«(rt(w) = S''‘(W) v'lX (Sw) + yri(Sw) 

The vector helds ^(pp) given by the components 

?(„)(W) = (Sw) Si-.w. 

represent divergence-free vector helds, so we can write according to Lemma 2.1: 


KZ; (Sw) ^ Y. [ fZ (Sw)] 

s^r 

/(;,)(Sw) = 




(2.19) 

( 2 . 20 ) 
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for some functions /(^p^)(Sw)- 

Using relations fl2.19p - fl2.20p we now easily get the relations 


(Sw) S'^qWP 


W’- 


S'‘(W) 5 ; [/,",(Sw 

sjir 


W» 


J W 


s^r 




and 


= SWSS^E [/(*)(Sw)]„,. + sw [y,,(Sw)] 

s^r 


Finally, using integration by parts, we can claim that the functional 


w 


H ^ J ^^(W) (Sw) 

can be represented in the form 

H = - / 1 SJ,. ss„ E /to.) (Sw) + ss„ y,) (Sw) 

sj^r 


(fw 


which gives the proof of the lemma. 

Lemma 2.2 is proved. 

Proof of Theorem 2.1. 

Using the homotopy operator approach for the closed 2-form fl2.3p we obtain the relations 

J„,1S](X.Y) = ^.»(X) - 

where 

g„(X) = dX y2A J„p[AS] (X,W) ^^(W) = 

^ 2^^, dAAflSp(ASx) + 2Sl,^qS^{X) [\\X^ 

Jo Jo 

We can see now that the coordinate change 

Q„(X) ^ Q„(X) + g„(X) (2.21) 

gives the required form for the bracket fl2.1l) . However, we can see also that the transformation fl2.21l) 
does not have the required form 02.41) . To get a transformation of the form 02.4p let us note again 
that the 2-form 02.3p is evidently invariant under the transformations 02.181) . As a consequence, we 
easily get then that any transformation 02.181) . applied to the set {^^(X)} , gives a set of functions 
{g(,(X)} having the property that the change 

Q„(X) ^ Q„(X) + g;(X) 
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transforms the bracket fl2.ip to the canonical form 02.51) . It’s not difficnlt to see, that this circnmstance 
means in fact that all the fnnctions 


dehned as 

„(X) = r dAA^ r«„(ASx) 

Jo 

represent coefficients of closed 1-forms on the space (S'^(X),..., S'™'(X)); 

^i^(p)«(X) _ 5oj(^p'^p{^) ^ 

5SP{Y) ^ (X) ’ 

Using Lemma 2.2 we can claim then that the fnnctions n;(p)(X) can be locally represented in the 
form 

^ / A(ri (Sw) rfw 

for some fnnctions h(p)(Sw)- 
Let ns pnt now 

fc(X) = ,„(X) - j S''(W) ft,,, (Sw) d^w 

and dehne 

Q,(X) = Q„(X) + g„(X) (2.22) 

It can be seen now that the coordinate change 02.22p has the necessary form 02.41) . Besides that, 
the change 02.221) transforms the bracket 02. ip to the canonical form like the transformation 02.211) . 

Theorem 2.1 is proved. 

As a corollary of Theorems 2.1 - 2.1' we can claim that any system 01.221) with s = 0 can be 
written locally in the Lagrangian form 


5 


Qa(X)5“ 


{Ph) (Sxi,...,S^., Q(X)) 


d'^XdT 


0 


after the transition to the variables (5^(X),..., 5™'(X), Qi(X),..., Qm(X)). 

In the non-degenerate case, when the valnes Qa(X) can be expressed in terms of 
(St,S^i,...,Sx.) from the hrst part of system 01.22p . we can write system 01.22p in the 
“standard” Lagrangian form 




a=l 


d^X dT = 0 


It is not difficnlt to see, that we have to reqnire the non-degeneracy conditions 


det 


doj^ 


= det 

d^Pn) 


dQp 

Sx 


dQadQjj 

Sx 


^ 0 


20 







































in this situation. 


At the end of the chapter let us discuss the group of canonical transformations for the bracket 
fl2.5p having the “physical” form 


Q^X) = Q„(X) + 


(2.23) 


It is easy to see that the transformation fl2.23l) represents a canonical transformation for the 
bracket fl2.5l) if and only if we have the identities 


Qa (S:j 


5/3 (S’! 


= 0 


It is easy to check also that the identities above are equivalent to the following relations 
dqa _ dq/s d‘^q0 ^ d'^qp 

’ dsi^ds: 

From fl2.24p we easily get also the following relations 
dqa _ r. 


+ 


dS-.dSl, 


= 0 


(2.24) 


dS' 


= 0 


X<! 




= 0 




dS^.dSl, 


= 0 


(no summation). 

It’s not difficult to see that the group of the canonical transformations fl2.23p represents in fact a 
hnite-dimensional linear space with the basis elements, which can be described in the following way: 
Consider all possible pairs of sets (Adi, M. 2 ) '■ 


Ml — («!, . . . , ttz+i) , 


G {1, . . . 

m} , 

Oil ^ Oi 2 < . . . < Oii^i 

M2 = (gi, g/) 


e {1, ... 

, dy , 

qi < q2 < ... < qi 

for all possible / > 0 . 

Consider the functions ^,{Ml,M2) 

having the form 



qa {Ml, M2) 

■ 1 

f 0 

A a 

? 

1 

a ^ Ml 
a G Ml 

where 

Jxn 

qai 

Oxq 2 

qoLi 


= (-I)'”' det 

Jxn 

q ^3 

Oxq 2 

qaj 

, ol = OLj ^ Ad 1 , / ^ 1 


qai + l 

iJxn 

qOLl-\-l 

Uxq 2 

qOLlJf.\ 

^X^l 



(the hats mean that the corresponding row is absent in the matrix). 

Let us also put by dehnition 

A" = 1 

^ 

for / = 0, Ml = {a}, A42 = 0- 

The functions {^.{M^,M 2 )} can be considered now as the basis of the linear space, representing 
the group of the canonical transformations (12.231) . 
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3 On more complicated (pseudo-)Canonical forms. 

In this chapter we will consider brackets fll.23p in the case of presence of additional parameters 
connected with the presence of annihilators of the initial bracket fll.ip . As we said 
in Introduction, we will assume here that the bracket fll.23p is obtained by the averaging of the 
bracket fll.ip on a complete Hamiltonian family A of m-phase solutions of system fll.2l) . equipped 
with a minimal set of commuting integrals, which implies, in particular, that the number of the 
parameters (n^,... ,n^) is exactly equal to the number of annihilators of the bracket fll.ip on the 
space of quasiperiodic functions. 

As we will see below, the canonical form of the bracket fll.23p should be understood in this case 
in more general sense and represents in fact the separation of the “standard” canonical variables 

(S‘(X),...,S”(X),0,(X).....0„(X)) 

and some special variables 

(]V>(X),...,]V*(X)) 

with their own Poisson bracket. 

As in the previous chapter, we consider here the transformations of the “physical” variables 
(17^(X),..., having the form 

t/'^(X) = U(X)) , 7 = l,...,m + s, 

which can be called the transformations of “Hydrodynamic Type”. As above, the variables 
(S'^(X),..., S'™’(X)) will be always considered here as the hrst part of canonical variables for every 
bracket fll.23p . 

Let us consider now a special class of the Poisson brackets fll.ip having some special “physical” 
property. 

Definition 3.1. 

Let us say that the bracket U.l]) has annihilators of the physical form if all the independent 
annihilators of U.L) on the space of quasiperiodic functions can be represented in the form: 

= j ...) d'^x , / = 1,..., s 


with some smooth functions (c^, (px, • • • )■ 

In particular, for a complete Hamiltonian family A of m-phase solutions of system fll.2p the 
Dehnition 3.1 requires that the functions 


[a,0o] ^ 


,(0 ( 

[a,6»o]l' 


.(0 


’ '^[si,9o\n 


x) 


,{l) 


X) = 




(5</9*(x) 


I = 1,... ,s 




represent the full basis of solutions of system (11.171) . having the form (11.181) . everywhere on A in 
accordance with the Dehnition 1.2. 


Let us come back now to the variables 

(s'(X), ..., S"-(X), Qi(X),..., (3„(X), ]V'(X),..., ]V‘(X)) 
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for the bracket fll.231) . introduced in the previous chapter. We can formulate here the following 
lemma: 

Lemma 3.1. 

Let the bracket / li.il) have annihilators of the physical form and the family A represent a complete 
Hamiltonian family of m-phase solutions of system U.2) equipped with a minimal set of commuting 
integrals. Let the bracket M.23\} represent the averaging of the bracket U.l\) on the family A. 

Then the variables 

(Qi(X), ..., Q^(X), iVi(X),..., W(X)) 

can be chosen in the form 

(Qi(X), ..., Q™(X), iV'(X),..., W(X)) 

where 

p27r ^271 rl^f) 

N‘ = {c>) = ... c'(#, 

Jo Jo 

represent the averaged densities of annihilators. 

Proof. 

Let the set ..., J™+^} represent a minimal set of commuting integrals (ll.lQh for the family 
A. Let us assume without lost of generality that we have 

rk ||ci;“^(ki,...,kd, U) II = m, 7 = l,...,m 

for the corresponding frequencies 

It’s not difficult to see that the variation derivatives 

/ 5/1 5/”^ 5(^1 \ 

\5(p*(x) ’ ’ 5(p®(x) ’ 5(p*(x) ’ ’ 5(p®(x) / 

represent in this case a linearly independent system on A, so the values 

= (P^) , 7 = = (c') , I = l,...,s , 

give a set of independent parameters on every family Aki,...,ktj- We can easily see then that the 
functionals 

(Ji, ..., 1 ™, C\...,C^) 

represent a minimal set of commuting integrals for the family A, satisfying all the requirements of 
Dehnition 1.3. 

Consider now the bracket (11.231) in the coordinates 

(S‘(X),..., S”(X), C/‘(X),.... f/”(X), Af‘(X),..., N‘{X)) 

Using the Jacobi identities 

{{f/"(X),S”(Y)},S'’(Z)} - {{C/"(X),S'’(Z)} ,S“(Y)} = 0, 7 = l,...,m, 

we easily get that the vector helds 

Ch = (a;“i(ki,...,k,, U, N), ...,a;“"^(ki,...,krf, U, N))* 
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represent commuting vector fields, tangent to the submanifolds (ki,..., N) = const. 

Since the set {^(a)} is linearly independent we can claim again that we can choose the variables 

(Qi(ki,..., krf, U, N), ..., Q^(ki,..., k,, U, N)) 

on each submanifold, such that the vectors get the coordinate representation: 

e(„) = (0, ..., 1, ..., 0) 

Easy to see that we get now the required coordinate system using the variables 
(Ari(X), ..., and 

Q,(X) = Q„(Sxi,...,S^., U(X), N(X)) , « = 


Lemma 3.1 is proved. 

Lemma 3.2. 

Let the bracket U.l\) have annihilators of the physical form and the family A represent a complete 
Hamiltonian family of m-phase solutions of system 111.2} equipped with a minimal set of commuting 
integrals. Let the bracket 111.211]} represent the averaging of the bracket fi.ij) on the family A. 
Consider the variables on the space U(X) introduced in Lemma 3.1. 

Then the bracket lil.23[} has in the variables 

(s'(X)...., S’"(X). (3i(X),.... (J„(X). iV'(X)..... JV‘(X)) 

the form 


{^“(X), 5^(Y)} = 0 

{s“(X),Qg(Y)} = yi(X-Y), {S“(X), Y'(Y)} = 0 

{<3»(X),Qs(Y)} = nj„(Sx.N) i.v.(X-Y) + 

+ rg,ysx, N) SJ.x, i(X - Y) + (Sx. N) YJ, i(X - Y) 

pq _ \ 

CX.^'f a/37/^ 

{q„(X), Y'(Y)} = /![;>'(Sx, N) <5xp(X-Y) (3.1) 

{Y'(X), Y‘(Y)} = j^’USx.N) fc(X-Y) 


Proof. 

What we have actually to prove is the absence of the “5 - terms” in the last two expressions of (13. Ih . 
To prove this fact let us hrst note that, according to the dehnition of annihilators, the corresponding 
terms are absent in the Poisson brackets of the densities • • •) and C\ip, ...) with 

‘Py, • • •): 

{P^(x), C'^(y)} = • • •) - V^) ■ ■ ■ - /) 
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y^) ... 


{C'(x), C‘(y)} = ^ SM(x^- 

ll,...,ld 

(/i,..., /d > 0 , (/i, ...Jd) 7^ (0,..., 0)). 

According to the averaging procedure we can claim then the absence of the terms, contain¬ 
ing 5 (X — Y), in the Poisson brackets {t/'^(X), Y^(Y)} and {Y^(X), Y^(Y)} for the bracket 
fll.23p . Easy to see then, that the same property is valid also for the brackets {(5a(X), Y^(Y)} and 
{Y^(X), Y^(Y)} after the transition to the variables ((5i(X),..., Qm(X.), Y^(X),..., Y®(X)). 

Lemma 3.2 is proved. 

Let us note also here that from the form of the Poisson brackets for the functionals Y^(Y) we 
can also conclude that all the functionals 

n' = y N\X) (fx 

represent annihilators of the physical form for the averaged bracket fll.231) . 

It’s not difficult to check that just from the skew-symmetry of the bracket fl3.1l) we get the 
relations 

glk,r. ^ gkl,P ^ ^ Q 

From the second relation above we then easily get the relations 

0gkl,p ^gklyp Qgkl^q 

aW ^ ° ’ dS'^, ^ ^ ° 

for the functions (Sxp ■ ■ ■, N). 

So, we can put now = g^^'^ (Sxp • • •, S^d) for all the functions g^^'P. It can be also seen, 

that the second part of the relations above implies the relations 

Q2gkl,p Q2gkl,p 

dS^.dSlr ^ ~ dS^rdSl, 

Like in Chapter 2, we can actually claim here that all the functions 

gfc/ ^ gZfc ^ (^gkl,l^ _ _ _ ^ gkl4^^ 

belong to a finite-dimensional linear space with the basis elements, which can be described in the 
following way: 

Consider all possible pairs of sets (Ai, A/ 2 ): 


Vi 

(o/i, . 

• • 1 Q//) ; 

aj e {1,.. 

., m} , 

Q-l < 0^2 < ... < 0.1 

A/'2 

= (91, •• 

•, qi+i) , 

qj e {1, . 

• •) ) 

qi < q 2 < ... < qi+i 


for all possible / > 0 . 

Consider the functions g(A/'i,A/ 2 ) having the form 

p _ j 0 , p i U 2 
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where 




qai 

OxPi 

qai 

• * 

Q«1 


(—1)-^ ^ det 

0^2 

OxPi 

qa2 

C'«2 



qai 

^XPI 

qai 

noil 


P 


— Pj G jV2 , ^ ^ 1 


(the hats mean that the corresponding column is absent in the matrix). 
We also put by dehnition 

= 1 


AP 


for / = 0, Ml = 0, M 2 = {p} ■ 
So, we can write here 


G Span {g(Ari,At 2 )} 


for all k,l = 1,... ,d ■ 

Definition 3.2. 

Let the bracket U.l\) have annihilators of the physical form and the family A represent a complete 
Hamiltonian family of m-phase solutions of system U.^l equipped with a minimal set of commuting 
integrals. Let the bracket represent the averaging of the bracket fi.ij) on the family A. 

1) We say that the bracket M.2d\) has a non-degenerate annihilator part if we have 


det ^ 0 


at least for one p in coordinates (S'^(X),..., Qi(X),..., Qm(X), A^^(X),..., X®(X)). 

2) We say that the bracket M.2^) has a simple annihilator part if we have 

gik,p ^ const 


(allp) m coordinates (^^(X),..., 5’"(X), Qi(X),..., Q^(X), N\X),... ,N^{X)). 

Let us formulate now the Theorem related to the canonical form of the brackets (II .2311 , which are 
obtained by the averaging of the brackets (ll.lh having the special property, formulated above. 

Theorem 3.1. 

Let the bracket liLl\) have annihilators of the physical form and the family A represent a complete 
Hamiltonian family of m-phase solutions of system M.2\) equipped with a minimal set of commuting 
integrals. Let the bracket M.23i) represent the averaging of the bracket U.l]) on the family A. 

Let the bracket M.2^) have a simple non-degenerate annihilator part. 

Then there exists locally a smooth change of coordinates 


(f/i,...,^ (gi,...,g^, W,...,w) 

Qa = Qa{Sx^,...,Sx^,U) , M = M{Sxi,...,Sx<i,U) , 


(3.2) 


such that we have for the Poisson brackets of the functionals S(X), Q(X), N(X).- 
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{S“(X), S'’(Y)} = 0 

{S“(X), (Jj(Y)} = i^i(X-Y) , {S“(X),iV'(Y)} = 0 

(3.3) 

W.(X),Os(Y)} = 0 . {0„(X).iV'(Y)} = 0 

{ iV^ (X), iV^ (Y)} = g^’^’P 6 xpC^-Y) 

l^glk,p _ Qonstj. 

Proof. 

Let us consider the bracket (ll.23p in the coordinates 

(s'(X),..., S"*(X), Qi(X),..., 4„(X), Y'(X),..., ]V(X)) , 

where it has the form fl3.1l) . 

Let us assume here without loss of generality that we have 

det 11 ^ 0 

for the pairwise Poisson brackets of the densities of annihilators. 

Let us consider now the Jacobi identities 


(X),]V'(Y)} , Y‘(Z)} - {{(3„(X),]V‘(Z)} ,]V'(Y)} - 

- {0»(X). {iV'(Y), Y‘(Z)}} = 0 

It’s not difficult to check that the identities above are equivalent to the following set of relations 


^■^OL grk,q 


f)Ak,q 

grl,p ^ Q 


dN^ ^ dN 

Let us put now in fl3.4p : q = p = 1. We get then 

rk,l ^ rl,l 

dNr ^ dN^ ^ 

Using the inverse tensor gh^ we can write the relation above in the equivalent form 


(3.4) 


® (Ai'aU) = ipS'sb 


dN^ 


which implies 


4^1 — 

9rk 


dN^ 

dfa 


dN>^ 


or 


Al,l ^ 9 fa kl,l 

a gj^k y 


for some functions /a(Sxi, ■ ■ •, Sx^, N) 
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Let us just put now g = 1 in relations fl3.4p . We immediately get then 


dNj 



alj 


Thus, we can put 


d 



rl,p 



d d 



= 


dfa 

dN^ 


-^kl,p 


+ 7^"(Sxy...,S 


Xd) 


(P>2) 


for some functions 'jlf (Sxp • • •, Sxa). 

Let us put now 

Q'JX) = Q„(X) - N) 

Easy to see that we have then: 


{QyX),Af'(Y)} 


^ 7^ (Sx......Sx-) S„{X-Y) 

p=2 


{S“(x),<3i(Y)} = yi(x-Y) 

for the new coordinates Q^(X). 

Consider now the Jacobi identities 


Vp 


{OL(X), {O^Y). Y‘(Z)}} - {Q^(Y).{Q:.(X),iV'(Z)}} = 

= {{%(X),Qi(Y)} ,/V'(Z)} (3.5) 

It’s not difficult to check that from the identities fl3.5p and the conditions 

7 ^' = 0 , det||/'’M| ^ 0 


we immediately get the relations 


JiV^(W) 


{Q;(X),QyY)} 


0 


which means 

{OL(X), Q;i(Y)} = {(j;(X). Q'f(Y)} [S] 

Applying Theorem 2.1 to the set of the variables (S'^(X),..., S'™'(X), Qj(X),..., Qj^(X)), 
we can dehne the variables 


Qa(X) 


satisfying the relations 


Q'JX) + q'JSx^,...,Sx.) 


{^“(X),g^(Y)} = J^J(X-Y) , {Q„(X),g^(Y)} = 0 

s 

{Q„(X),iV'(Y)} = ^ 7^ (Sx.,...,Sx-) 5»(X-Y) 

p=2 
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(3.6) 


Another corollary of the identities fld.Sp is given by the relations 




_ 

dyf 

_ 

dyl^ 



dS}, 


dS^x. 

ds^x. 

(p = 2 ,.. 

.,s, g = 1,.. 

., s ), and 

dS^x<^_ 

= 0 

Xi 



Relations fl3.6p give, in particular, the relations 


dSi, ~ dS-, 

which implies the relations 

7^ = ^ 9'(Sx.,....S,t.) , (p>2) 

for some functions ( 8 ^ 2 ,..., S^d). 

Let us put now 

N\X.) = N\X) - 

Using again the relations (I3.6p it’s not difficult to show then that we obtain 

{g„(x),iv^(Y)} = 0 

for the variables N\Y). 

Finally, we get the variables (S(X), Q(X), N(X)) satisfying all the relations fl3.3p . 

Theorem 3.1 is proved. 


At the end, let us say that in general the separation of the variables (S(X), Q(X)) and N(X) 
into two independent brackets by a transformation of the form fl3.2p is impossible for the bracket 
fll.23p . As an example, let us consider the bracket fll.231) which has in the variables 


S{X),Q{X),N\X),N^{X) 

the following form 

{S(X),S(Y)} = 0 , {S(X),(2(Y)} = i(X-Y) , {<3(X),(3(Y)} 

{S(X),]V‘(Y)} = {S(X), iV"(Y)l = 0 


= 0 


X),N\Y)\ = N\X)6x^{X-Y) , 


X), N^{Y) \ = 0 


N\X] 

N^(X' 


N^(Y) 


1 

1 0 


<5x1 (X-Y) - 


5x1 0 
0 0 
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,5x2 (X-Y) 

(3.7) 


















(X = (X>, A'2)). 

It can be checked by direct calculation that the bracket fl3.7|) is skew-symmetric and satishes the 
Jacobi identity. However, it’s not difficult to check that no transformation 

((?(X), /V‘(X), /V=(X)) -+ (q(X), /V‘(X), /V=(X)) 

where 

g(X) = Q(X) + q iV'(X), iV2(X)) , 

iV'(X) = iV'iV^(X), iV2(X)) 

can give the relations 

{Q{X),N\Y)} = {g(X),iV2(Y)} = 0 (3.8) 

Indeed, according to the Jacobi identities 


{{iV‘(X),iV‘(Y)}.Q(Z)} + {{(J(Z),]V'(X)},iV‘(Y)} + 

+ {{Y‘(Y).(J(Z)} .iV'(X)} = 0 , 

the fulfillment of the conditions fl3.8l) would imply the relations 

{/V'(X),/V‘(Y)} = 0 , 

which means the independence of the brackets {Y^(X), Y*’(Y)} on the variables [S'(Z)]. 

On the other hand, the Poisson brackets {Y*(X), N^{Y)} can be represented in the form 



fdN^/dN^ dN^/dN^\ 

ydNydN^ oNyoNy ^ 


fSx2 A fdNydN^ dNydN^\ 
\ I Oy) \dNydN^ dNydN"^) 


fSx^ 0\ fdNydN^ dNydN^\ 
VO oj \dNydN^ dNydNy 


6xyX-Y) 


(Sx^ \\(dYydY^ dYydYy 
VI oJ V^YV^Y^ aYV^YV^^ ^ 


Jxi(X-Y) 

+ 


(Sx^ 0\ fdNydN^ ONydNy , 
VO Oy) V^YV^iV^ aYV^YV^, ^ 



We can see then, that the absence of the terms containing the derivatives Sx^x^ and Sx^x^ in 
the brackets {Y^X), Y^(Y)} requires, in particular, the relations 


a^Y' 

dm dSxi 

which means in fact 


Y' (5x1, 5x2, YV Y^) 


dm dSx2 


/ = 1 , 2 , 


Y'^ (yV Y^) + Y"' (5x1, 5x2, Y^) 


(3.9) 
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On the other hand, it’s not difficult to see that the transformations fl3.9p can not transform the 
metric 

Ik,2 (O \ _ _ ( 0\ 

9 {Sx) Q qJ 

into a form, independent on 5x1. So, we get now our statement. 

The work was partially supported by Grant RFBR No. 13-01-12469-o£-m-2013. 


References 

[1] M.J. Ablowitz, D.J. Benney., The evolution of multi-phase modes for nonlinear dispersive 
waves. Stud. Appl. Math. 49 (1970), 225-238. 

[2] V.L.Alekseev., On non-local Hamiltonian operators of hydrodynamic type connected with 
Whitham’s equations, Russian Math. Surveys, 50;6 (1995), 1253-1255. 

[3] N.I. Grinberg., On Poisson brackets of hydrodynamic type with a degenerate metric., Russian 
Math. Surveys, 40:4 (1985), 231-232. 

[4] S.Yu. Dobrokhotov and V.P.Maslov., Finite-zone, almost periodic solutions in the WKB ap¬ 
proximation. J. Soviet. Math., 1980, V. 16, 1433-1487. 

[5] S. Yu. Dobrokhotov and V.P.Maslov., Multi-phase asymptotics of nonlinear partial differential 
equations with a small parameter, Sov. Sci. Rev.-Math. Rhys. Rev., Vol. 3, 1982, Overseas 
Publ. Association, pp. 221-311. 

[6] S. Yu. Dobrokhotov., Resonances in asymptotic solutions of the Gauchy problem for the 
Schrodinger equation with rapidly oscillating hnite-zone potential.. Mathematical Notes, 44:3 
(1988), 656-668. 

[7] S. Yu. Dobrokhotov., Resonance correction to the adiabatically perturbed hnite-zone almost 
periodic solution of the Korteweg - de Vries equation.. Mathematical Notes, 44:4 (1988), 551- 
555. 

[8] S.Yu. Dobrokhotov, I.M. Krichever., Multi-phase solutions of the Benjamin-Ono equation and 
their averaging.. Math. Notes, 49 (6) (1991), 583-594. 

[9] B.A.Dubrovin and S.P. Novikov., Hamiltonian formalism of one-dimensional systems of hydro- 
dynamic type and the Bogolyubov - Whitham averaging method., Soviet Math. Dokl., Vol. 27, 
(1983) No. 3, 665-669. 

[10] B.A.Dubrovin and S.P. Novikov., On Poisson brackets of hydrodynamic type., Soviet Math. 
Dokl, Vol. 30, (1984) 651-654. 

[11] B.A. Dubrovin and S.P. Novikov., Hydrodynamics of weakly deformed soliton lattices. Differ¬ 
ential geometry and Hamiltonian theory., Russian Math. Survey, 44 : 6 (1989), 35-124. 

[12] B.A.Dubrovin and S.P. Novikov., Hydrodynamics of soliton lattices, Sov. Sci. Rev. C, Math. 
Rhys., 1993, V.9. part 4. P. 1-136. 


31 



[13] B.A. Dubrovin., Hamiltonian formalism of Whitham - type hierarchies and topological Landau 
- Ginsburg models., Comm. Math. Phys. 145 : 1 (1992), 195-207. 

[14] E.V. Ferapontov., Differential geometry of nonlocal Hamiltonian operators of hydrodynamic 
type. Functional Analysis and Its Applications, Vol. 25, No. 3 (1991), 195-204. 

[15] E.V. Ferapontov., Dirac reduction of the Hamiltonian operator to a submanifold of the 
Euclidean space with flat normal connection. Functional Analysis and Its Applications, Vol. 
26, No. 4 (1992), 298-300. 

[16] E.V. Ferapontov, A.V. Odesskii, N.M. Stoilov., Classihcation of integrable two-component 
Hamiltonian systems of hydrodynamic type in 2-1-1 dimensions, J. Math. Phys., 52:7, 073505 
(2011), arXiv: 1007.3782 . 

[17] E.V. Ferapontov, P. Lorenzoni, A. Savoldi., Hamiltonian operators of Dubrovin-Novikov type 
in 2D., Lett. Math. Phys. 105 (3), 341 - 377 (2015). 

[18] Flaschka H., Forest M.G., McLaughlin D.W., Multiphase averaging and the inverse spectral 
solution of the Korteweg - de Vries equation. Comm. Pure Appl. Math., - 1980.- Vol. 33, no. 6, 
739-784. 

[19] R. Haberman., The Modulated Phase shift for Weakly Dissipated Nonlinear Oscillatory Waves 
of the Korteweg-deVries Type., Studies in apllied mathematics, 78 (1) (1988), 73-90. 

[20] R. Haberman., Standard Form and a Method of Averaging for Strongly Nonlinear Oscillatory 
Dispersive Traveling Waves., SIAM Journal on Applied Mathematics 51 (6) (1991), 1489-1798. 

[21] W.D. Hayes., Group velocity and non-linear dispersive wave propagation, Proc. Royal Soc. 
London Ser. A 332 (1973), 199-221. 

[22] I.M. Krichever., The averaging method for two-dimensional integrable equations. Functional 
Analysis and Its Applications 22(3) (1988), 200-213. 

[23] I.M. Krichever., The r-function of the universal Whitham hierarchy, matrix models and topo¬ 
logical held theories.. Communications on Pure and Applied Mathematics 47 : 4 (1994), 437- 
475. 

[24] I.M. Krichever, D.H. Phong., On the integrable geometry of soliton equations and N = 2 
Supersymmetric Gauge Theories, Journ. of Differential Geometry (1997), 349-389. 

[25] Luke J.G., A perturbation method for nonlinear dispersive wave problems, Proc. Roy. Soc. 
London Ser. A, 292, No. 1430, 403-412 (1966). 

[26] A.Ya.Maltsev., Whitham’s method and Dubrovin - Novikov bracket in single-phase and mul¬ 
tiphase cases., SIGMA 8 (2012), 103, arXiv:1203.5732 . 

[27] A.Ya. Maltsev., The multi-dimensional Hamiltonian Structures in the Whitham method., 
Journ. of Math. Phys. 54 : 5 (2013), 053507, arXiv:1211.5756 . 

[28] A.Ya. Maltsev., On the minimal set of conservation laws and the Hamiltonian structure of the 
Whitham equations., Journ. of Math. Phys. 56 : 2 (2015), arXiv: 1403.3935 . 


32 


[29] O.I. Mokhov and E.V. Ferapontov., Nonlocal Hamiltonian operators of hydrodynamic type 
associated with constant curvature metrics, Russian Math. Surveys 45:3 (1990), 218-219. 

[30] O.I. Mokhov., Poisson brackets of Dubrovin - Novikov type (DN-brackets)., Functional Analysis 
and Rs Applications, 22 (4) (1988), 336-338. 

[31] O.I. Mokhov., The classihcation of nonsingular multidimensional Dubrovin-Novikov brackets.. 
Functional Analysis and Rs Applications, 42 (1) (2008), 33-44. 

[32] A. C. Newell. Solitons in mathematics and physics. Society for Industrial and Applied Mathe¬ 
matics (1985). 

[33] S.P. Novikov., The Hamiltonian formalism and a many-valued analogue of Morse theory., Rus¬ 
sian Math. Surveys 37: 5 (1982), 1-56. 

[34] S.P. Novikov, S.V. Manakov, L.P. Pitaevskii, and V.E. Zakharov., Theory of solitons. The 
inverse scattering method., Plemun, New York 1984. 

[35] S.P. Novikov., The geometry of conservative systems of hydrodynamic type. The method of 
averaging for held-theoretical systems, Russian Math. Surveys. 40 ; 4 (1985), 85-98. 

[36] Peter J. Olver., Applications of Lie Groups to Differential Equations., Graduate Texts in Math¬ 
ematics., Volume 107. Berlin - Heidelberg - New York - Tokyo, Springer-Verlag 1986. 

[37] S.P. Tsarev., On Poisson brackets and one-dimensional Hamiltonian systems of hydrodynamic 
type, Soviet Math. Dokl, Vol. 31 (1985), No. 3, 488-491. 

[38] S.P. Tsarev., The geometry of Hamiltonian systems of Hydrodynamic Type. The Generalized 
Hodograph method.. Mathematics of the USSR-Izvestiya 37 (2) (1991), 397. 

[39] G. Whitham, A general approach to linear and non-linear dispersive waves using a Lagrangian, 
J. Fluid Meek 22 (1965), 273-283. 

[40] G. Whitham, Non-linear dispersive waves, Proc. Royal Soc. London Ser. A 283 no. 1393 (1965), 
238-261. 

[41] G. Whitham, Linear and Nonlinear Waves. Wiley, New York (1974). 


33 



